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Abstract

This thesis gives a brief introduction to the p-adic numbers, constructed via completion of Q with
respect to the p-adic norm. A key result is Ostrowski’s Theorem, justifying the p-adic norm as
the only alternative to the usual absolute value. Topological and algebraic properties of Q,, are
explored, including Hensel’s Lemma and finite extensions, with a focus on quadratic cases. The
p-adic exponential and logarithm functions are also examined. Throughout, comparisons to the
real numbers highlight the unique nature of the p-adic setting.

Resumé

Denne opgave giver en kort introduktion til de p-adiske tal, konstrueret via fuldsteendigggrelse af
Q med hensyn til den p-adiske norm. Et centralt resultat er Ostrowski’s Theorem, som viser, at
den p-adiske norm er det eneste alternativ til den seedvanlige norm. Topologiske og algebraiske
egenskaber af Q, udforskes samt Hensel’s Lemma og endelige udvidelser, med fokus pa de kvadratiske
udvidelser. Til sidst ses der pa den p-adiske eksponential- og logaritmefunktion. Gennem opgaven
sammenlignes der med de reelle tal for at illustrere den seerlige karakter af de p-adiske tal.
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1 Introduction

During the process of writing this thesis, I’ve often been asked by non-mathematicians what the
project is about. My answer has typically reflected how far along I was in the research. A few months
ago, when someone asked “What are... p-adics?”, I might have offered the rather non-conclusive
response:

“The p-adics are a different version of the numbers we use. Since mathematics is built
from definitions and theorems, if we take the usual properties of distance but tweak
them, we can redefine how we measure numbers. The p-adics have a distance function

that makes very large numbers very small.”

At the time, I was referring, loosely, to Ostrowski’s Theorem, one of the central results in this
paper. It states that, up to equivalence, there are only two types of absolute values on QQ: the usual
absolute value, and the p-adic absolute value. Since the p-adic numbers, Q,, are defined as the
completion of Q with respect to the p-adic norm, this explanation felt quite fitting.

Later in my process, I began exploring the quadratic extensions of Q,. The topic of extending
Q, to an algebraically closed field turns out to be strikingly different from the case of R, where
extending to C completes the picture. My answer to the same question evolved:

“Mathematicians are always trying to improve our number systems. We started with
the natural numbers, then added negatives to get integers, then fractions. But fractions
were still missing numbers like 7 and /2, so we introduced the real numbers. Then,
the equation z2 + 1 = 0 had no solution in R, so we added its solution and created the
complex numbers. The p-adics take a different starting point. I'm exploring whether
they can be extended in similar ways, and if so, what that looks like.”

This often led to a follow-up question: “So are they better?”. To which I could only reply: “Well,
they’re pretty hard to visualize...”. That very question of comparing @, and R ended up becoming
a recurring theme throughout the thesis.

Thus, these notes begin with the definition of Q,,, explore its key properties, and gradually build
toward the construction of a field C,, that plays a similar role for ,, as C does for R. Along the way,
I examine Ostrowski’s Theorem, which classifies all absolute values on Q; study Hensel’s Lemma, a
fundamental tool for finding roots of polynomials over Q,; and eventually construct an algebraically
closed and complete field, C,,.

Since my work focuses on understanding the differences between p-adic and real numbers, the thesis
concludes with a brief exploration of the p-adic exponential and logarithmic functions. These power
series behave quite differently from their real counterparts due to the nature of the p-adic norm,

where, for instance, large numbers can become “small.”

I hope this thesis sparks interest in the topic for readers unfamiliar with Q,, and provides a clear
path into the curious and rich world of p-adic numbers.
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2 Construction of the p-adic numbers

This chapter will act as the building blocks of Q,. The construction may initially seem unintuitive;
after all, the size in the p-adic world allows large numbers to be small. This transformation arises
naturally from defining a norm |- |, with respect to each prime p. With this norm, the rest will
follow from techniques in analysis and algebra applied to our new metric space.

The material in this chapter is based on [Bak]. Many proofs follow the outlines provided in the
article, whilst others are self-drafted.

2.1 Norms and the p-adic Norm

We begin by recalling the notion of a norm.

Definition 2.1. Let R be a ring. A function N : R —» R" is called a norm if the following
properties hold:

(N1) N(z)=0 if and only if =0
(N2) N(zy)=N(z)N(y), Vx,ye R
(N3) N(z+y)<N(x)+N(y), Y,y € R.
A norm is called non — Archimedean if (N3) can be replaced by the ultrametric inequality:

(N4) N(z+y)<max{N(z),N(y)}, Vz,y € R.

If (N4) does not hold, the norm is called Archimedean.

Let p € N be a prime number. Now we introduce the p-adic norm, that will define the structure of
the p-adic numbers. First we define the p-adic ordinal.

Definition 2.2. The p-adic ordinal ord,(x) of 0 # z € Z, as well as the ordinal for § € Q, are
given by
ordy(z) = max{r | p" divides x}, ordp(%) = ord,(a) —ordy(b).

We use the convention ord,(0) = oo.

Definition 2.3. The p-adic norm of x, for z € Q is given by

2| {p“”"dp(‘”) for x # 0
z |p =

p =0 forz=0.

It is clear, that |- |, is a discrete norm, and we will now show that it is non-Archimedean.

Proposition 2.4. |- |, is a non-Archimedean norm on Q.

Proof. We want to verify each property of a norm from Definition 2.1.
(N1): if 2 # 0, then ord,(z) < oo so |z|, = 1/p°"@®) > 0. Conversely if 2 = 0, then |z|, = 0 by
definition.
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(N2): let 2,y € Q given by x = 7,y = § with a,b,c,d € Z and b,d # 0. First we will explicitly see,
that the ordinal of products of integers is the sum of their ordinals. Let a = p™ h and b = p™k,
where p + h, p+ k, and r1,75 € N.

ord,(ab) = max{r:p" | ab} = max{r:p" | p"**"?hk} = r1 + ro = ord,(a) + ord,(b).
We can easily apply this to the product of rationals, so ord,(zy) = ord,(z) + ord,(y). For z,y # 0
—ordy (2)-ordy (y)

jayl, = p~ ) = p = |2]plylp-

(IN4): lastly we will show the ultra metric inequality by showing that ord, (z+y) > min{ord,(z),ord,(y)}.

Let z,y € Q\ {0} given by x =p™ ¢ and y = p"2 5, where p and a, b, respectively c,d, are pairwise
relatively prime. When ry = 7o, then x+y = p™ %, and since p + bd it follows that ord,(z+y) > 1.

Now WLOG assume 71 < ra, SO

ad+p™""be

)

T+y =p’"1(% +p"2‘“§) =p"(

since 7o —r1 >0 and p + bd then ordy,(x +y) > min{ry,ro}. This gives us the following:
[+ ylp = p~ ") <max{ e, [yl },

so the p-adic norm is a non-Archimedean norm on Q.

O

Notation: We have seen that for every prime p, the p-adic norm | - |, gives another way to measure
the size of the elements of Q. It will be necessary to be on the same page with notation with a few
additional central norms. First, we have the trivial norm, |- |i;, defined by:

0 ifx=0,
|$ |tr = .
1 otherwise.

Second, we have the standard absolute value on R, also known as the Euclidean, or Archimedean,
norm. This will also be relevant and will be denoted by | - |, analogously to the p-adic norms.
That is,

|00 = V2.

Example: Let p be a prime number. The number p'% is, by most, considered very large in R. If
p = 3, then 3'°° has 48 digits, and if p = 11 then 11'%° has approximately 104 digits. Contrarily

pt% is very small in Qp. We see this by computing the p-adic norm

100| _ 1
p p100'

Ip

Depending on choice of p, this norm will have roughly as many zeroes after the decimal point as
digits in p'°°. This goes to illustrate that very large numbers in R can be very small in Q,.
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2.2 The Completion of Q,

Just as R is the completion of Q with respect to |- |, the field Q,, arises as the completion of Q
under the p-adic norm | - |,.
In other words, Q, is defined as the quotient set

Qp = CS(Q,| - [p)/Null(Q,] - ), (1)

where:

CS(Q,| - |p) = {Cauchy sequences in Q with respect to |-|,},

Null(Q,]-|p) = {null sequences in Q with respect to |-|,}

~{(a) €CS(.|+Ip) s 1 Jaul, = 0} .

Thus two Cauchy sequences (a,,) and (b,,) in CS(Q,| - |,) are equivalent if their difference (a, —b,,)
is a null-sequence i.e,

(an) ~ (by) < limla, —byl, =0.

We denote the equivalence class of a Cauchy sequence (ay,) by [(ay)], and so [(an)] € Q, (see [Bak]
page 20). It is this equivalence that turns the quotient set Q, into a field, a fact which is verified in
Theorem 2.6 below.

Definition 2.5. The ring of p-adic numbers, denoted by Q,, is the completion of Q with respect
to the p-adic norm | - |,.
Furthermore, the p-adic integers Z, are defined to be the unit disc about 0 € Q,,

Zp={aecQy:|al,<1}.

In order to see that Q, is a field, we first need to define its addition and multiplication. Let
a=[(an)],B=[(bn]) € Qp. Then the sum and product of elements in Q, is defined by

a+B=[(an+bn)], a-B=[(anbn)] (2)

These relations are easily checked to be well defined. Given these operations, we can now show
that @Q, is indeed a field.

Theorem 2.6. Q, is a field.

Proof. First, it is easy to see that C'S(Q, |- |,) with the addition and multiplication from (2.2), and
with 0,1 € Q, form a commutative ring, since Q is commutative.

Next, given that C'S(Q,| - |,) is a commutative ring, we want to verify that Null(Q,| - |,) is a
two-sided ideal. By the known theory on rings and ideals, it will imply that the quotient set Q, is
a field.

To show that Null(Q,]|-|,) is a two-sided ideal, let (a,) € CS(Q,]| - |,) and (b,) € Null(Q,] - |,).
Then (anby), (bnan) € Null(Q,]|-|,). We see this using the product defined in equation (2.2),

Jif‘}o|anbn|p = Jiﬂ}o(|an|p|bn|p) = T}if(}o|an|p 0=0,

and equivalently for (b,a,). Hence Null(Q, |- |,) is a two-sided ideal.
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Lastly, we need to show that every element different from 0 has a multiplicative inverse. Let
[(an)] € Q, and assume [(ay)] # [0]. Define { := lim,,,c|ayn|p,. We know that ! > 0, since otherwise
we get

lim |ay|, = 0 < (ay) € Null(Q,]-p)

< [(an)]=[0]. %

We can then find for any € >0 an N €N, so that ‘|an|p - l| < ¢, whenever n > N. Choose € = é

l l
—§<|an|p—l<5 = 0<§<|an|p = ay 0.

Since Q is a field, a,, has a well defined inverse when n > N, allowing us to define the sequence {b,,}
as following

-1

n 9

when n > N.

b = 1, when n < N,
" a

Note that (b,) is Cauchy since for n,m > N

am_an| _ |am_an|p €
Antm |an|plamlp (é)2

|bn, — bm|p = |a;1 - a;n1|P =|

for any € > 0, since {a,} is Cauchy. It follows from construction that lim, ,|anbs|, = 1, so
[(an)][(bn)] = 1, showing that all non-zero elements have an inverse in Q,,.

O

2.3 The p-adic Expansion

This section will be focusing on how numbers are represented in @QQ,. First we notice that we can
always write a finite p-adic expansion of any integer s € Z:

S=So+s1p+Sap>++sp,, 0<sg, . s1<p-1

for some [ € N. This follows from repeatedly doing Euclidean division. This will be useful in the
proof of the next proposition.

Proposition 2.7. (|Bak| Thm. 2.28) Z,, is a subring of Q,. Every element of Z, is the limit
of a sequence of non-negative integers from Z. Conversely, every sequence of integers that is
Cauchy with respect to the p-adic norm |- |, has a limit in Z,.

Proof. First we prove that Z, is a subring of Q,, so we want to show that it is a subgroup of
(Qp, +) and closed under multiplication in (Q,,), as well as 1 € Z,,. Indeed, the latter mentioned
fact follows, since |0, =0 <1 and |1|, =1 <1, so 0,1 € Z,. The former mentioned fact follows
immediately from the definition of | - |,: let a,b € Z,, then Z, is closed under addition, since
la + b, < max{|al,, |bl,} <1, and it is also closed under multiplication, since |a-bl, = |a|p|b|, < 1. This
shows that (Z,,) is a subring of (Qp,).

As a side remark, notice that any negative integer in Z is a limit of a sequence of positive integers
from Z with respect to the p-adic norm. One just needs to write the p-adic decomposition of —1:

Aep14(p-Dpt (p-Dpt = S p- 1)’
i=0
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Moving on, our goal is to find a sequence of integers that converges to a given p-adic integer. Using
the definition of Q,, i.e. elements in @@, are limits of Cauchy sequences in the rational numbers,
along with some number theory, we will create this sequence of integers.

Let « € Z,, so by definition o = [(a,)] is a Cauchy sequence with a, € Q. Since |- |, is a non-
Archimedean norm, thus taking discrete values, the Cauchy sequences |a,|, will eventually be
constant, so |ay|, = ¢ for some c € Q for all n > M using a suitable M. As a consequence |af, =c<1
by definition of Z,. Without loss of generality, assume |ay|, < 1 for all n.

Let a,, = = with 7, s, € Z, co-prime, and ry,, s, # 0. It follows, that ord,(r,) - ord,(s,) > 0 since

1> ap|p = 7l = splp 2ralp = ordps, <ordyr,

Isnlp

It then follows that s, # 0 (mod p), since otherwise

sp=p-l(forleZ) = |splp<landptr, = |rplp=1 = :Tn:p>1 7.
Snlp

Using some number theory results, for each m we can solve the equation s,z =1 (mod p™) with
solutions in Z, i.e. finding the inverse of s,, modulo p™*. This loosely follows from s,, and p being
co-prime, so by Bezous’ identity we can find an inverse modulo p. Using induction this can be
extended to being able to find an inverse modulo p™. Let w,,, be that solution. By the possibility
of adding multiples of p™ we can assume 1 < uy,,, <p™—1. For all m we now have s, wpm — 1|, < p%,
since

SpUpm —1=0 (mod p™) = SpUpm—1=p™-j, for asuitable j = ord,(spunm —1) 2 m.
We want to use these integers to construct our sequence that converges to «, hence we need to start
finding some upper limits. For all m

T

|£ - Tnunm|p = |7;n‘p|1 - 5nunm|p =
Sn Sn

m

Very nice!
Since « = [(ay)] is a Cauchy sequence and from the above inequality, for every m we can find an
integer zj,, € Z such that |a— 2, |p < #. Indeed, combining everything, we get

lov =T, Uk, (mat)lp = | = A,y + QR = Thy, Uk, (ms1) |

<maz{|a - ag, |p, [ak,, = Tk, Uk, (m+1)lp )
1
< l)7m7

showing limy, e (@ = 7, U, (n+1)) = 0, S0 av € Zy, is the limit of a sequence of integers.

Finally we want to show that every sequence of integers that is Cauchy with respect to the p-adic
norm has a limit in Z,. Let (a,), with a, € Z be a Cauchy sequence with respect to |-|,, thus
there exists an element o € Q,, which is the p-adic limit of (a,),. Being a Cauchy sequence we have
la —an|p < % for some n € N. Then

|a|p =|a-a, + an|p < max{|o - an|pa |an|p} <1,

since a,, € Z € Z,. Thus « € Z, which concludes the proof.

O

Now we will describe the p-adic digit expansion, which characterizes the elements of Q,. Our goal
is to express the p-adic integers as infinite sums.
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Lemma 2.8. Let a € Z,. Then o has a p-adic expansion

a=a0+a1p+a2p2+---:2aipi with «; € {0,...,p—1}.
i=0

Proof. Let « € Zy,, by Proposition 2.7 and its proof, we claim there exists an o € Z such that

1
|a—a0|p£7, 0<ap<p-1.
p

Indeed, fix some m > 1. Then one can take ag to be the term corresponding to p° of the p-adic
expansion of the integer 74, Uy, (m+1).- Thus we have

Tk Uk, (m+1) = @0 +P(), 0<ap<p-1

since it then follows

o = aolp = | = Tk, U, (ms1) + Thyp Uk (ma1) — Qolp

< mamﬂa - Tkmukm(m+l)|p7 |Tkmuk,,L(m+1) - a0|p}
1

<z

p

We can consider
a —

p

O‘_po‘“ € Zp. Again by Proposition 2.7 applied to

1 1
|p:|7|p'|a_a0|p§p'*:17

which gives us the p-adic number
o € Zy such that

a—Qg
p

, we can find

o — &

1
—aqlp<l, 0<ag<p-1 = |a-(ag+aip)lp<—-, 0<a;<p-1.
p

Repeating this, we get a sequence of positive integers {«, } such that

1
|04—(Oéo+041p+"'+Oénpn)|p<]¥7 0<a, <p-1.

The sequence (8,,) given by S, = ag + a1p + - + a,p™ is Cauchy with respect to the p-norm, since
for any ke N

_ - n—1 n+2 n+k
n
|ﬁ +k 6n|p |an+lp + Op2p + + Otk P |p

= |pn|p . |an+1p R an+kpk|p

1
< —

pn

)

where we for any € >0 can choose an M € N such that p™ > %, so for n > M
1
|ﬂn+k - Bn|p < M <e.
p
The limit is of course . This gives us the desired expansion of & by av = ag + ayp + aop?® + . O
Although this looks very similar to decimal expansion, a very nice property with the p-adic integers

is that they are unique, unlike in R, where it is known that 0,999... = 1. Now let us expand this
notion to all p-adic numbers.
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Theorem 2.9. ([Bak] Thm. 2.29) Every p-adic number « € Q, has a unique expansion given by

oo
—7 I=7 —1 i
a=apprarp T ranp T tagrapte= ) g,

1——T7

where o, € Z with 0 < i, <p—1.

Proof. We have shown the expansion for p-adic integers in Lemma 2.8. Our goal is to find an
expansion for elements « ¢ Z,.

Let a € @, and assume |a, > 1, hence |a], = p* for some k > 1. We know the expansion for the
p-adic integer p*a =: 3, since ||, = 1, so we can write 8 = Bo + B1p + B2p® + -+ Then

Bo B Br-1
a:E+F+"'+T+Bk+ﬁk+lp+ﬁk+2p27 0<Bn<p-1.

Now let us prove uniqueness. Assume « = o) + ahp + -+ is another p-adic expansion of o and denote
the coefficients (/3;,). Let d be the first integer such that a4 # o}, and assume WLOG oy < o so
1<al;—ag <p-1. This implies

1
d
1Ba = Balp = (g = ca)plp = i
But contradictorily, we also get
1

|B£1 - 6d|p = |B:1 —ata- Bd'p < max{|5:1 - a|pv |a - 6d|p} < E

Letting us conclude that the expansion is unique, since such d cannot exist.
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3 Topological and Algebraic Structure of Q,

The topological and algebraic structure of Q, is interesting to look at, since the p-adic norm is
discrete, whilst the usual norm on R is not. This leads to open balls also being closed in Q,.
Moreover, unlike Z ¢ R being a discrete unbounded subset, the ring of p-adic integers Z, is compact
in Q. This highlights some central differences between @, and R.

Definition 3.1. The open ball centered at o € Q, with radius ¢ > 0 is given by

B(a,8) ={yeQyp:|y-afy <d}.

Proposition 3.2. If § € B(a,9) then B(B,9) = B(«,9).

Proof. Let a € B(a,?).
la = Blp = (a-a) + (a-B)l, < maxfla - afp, |o - Blp} <6,

thus B(w,d) € B(3,8). The same calculation can be used to prove the equality. O

Notice that Proposition 3.2 states that in the p-adic world the center of an open ball is not unique,
and in fact every element of an open ball is a center of it.

Proposition 3.3. ([Kat] Prop. 2.3) The open balls in Q, are open and closed.

Proof. Let B(a,r) be an open ball. Then B(a,r) is open by definition. We want to show
that the complement of the ball B(a,r) is an open set. Let the complement be denoted by
C:={xeQ,:|zr-al,>r}, and see that

C={zxeQp:lz—alp=r}u{reQ,:|z-al,>r}

We know that {x € Q, : |z —al, > 7} is open, being the complement of the closed ball {z € Q, :
|z — al, <r}. Therefore, we just need to show that the sphere S(a,r) = {x € Q,: |z —al, =7} is also
open. To see this, let x € S(a,r) and 0 < e < r be given. We want to show that B(z,€) c S(a,r).
Let y € B(x,€). We have

r=le—al,=lr-y+y-al, <max{lz —ylp, [y - alp} = [y - aly,
since, if we assumed |y — al, < |z - y|, < € <, we would get a contradiction. Moreover, we have
ly - alp, <max{|y - |y, |z —al,} =7,

which proves that |y — a|, = . Thus, indeed B(z,¢) c S(a,r), so the sphere S(a,r) is open. This
finishes the proof that the open ball B(a,r) is closed. O

Proposition 3.4. Z, is compact.

Proof. Since Z,, is a metric space with the p-adic norm (induced by Q,), proving compactness is
equivalent to proving sequential compactness.
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Take a sequence (z,)nen in Zy, and, by Theorem 2.9, write each element z,, in it’s p-adic decompo-
sition

Ty = Apy + Ay D+ Qg p” + -, (3)
with a; € {0,...,p—1}. Now, for each element of the sequence (z,)nen, consider the corresponding
first digit ay, from (3) and select a digit dg € {0, ...,p—1} that appears as the first digit for infinitely
many elements in (2, )nen. Select the subsequence (7;)jen of elements having as first digit do.
This subsequence is infinite by construction.
Consider the second digit in the p-adic decomposition (3) of the elements in the subsequence (x4, ),
i.e. the corresponding a,, in (3). Select a digit d; € {0, ...,p— 1} that appears as the second digit
for infinitely many elements in (zy,) and construct a subsequence (zy;, )ien of (zy,) with d; as a
second digit. It is again infinite by construction, and all elements in the subsubsequence (xk])
share the first two digits, and thus are of the form

Tk =do + d1p+p2(“')~

Inductively, if we continue, then at step k£ + 1 we will have a subsequence where the elements agree
on the first k£ digits, dy, ..., dr_1. Again by construction and by the pigeon hole principal we can look
at the (k+ 1)*® digit, corresponding to a,,, in (3), and choose a dj, such that there are infinitely
many elements with this as the(k + 1)* digit. We will denote this subsequence that agrees on the
first k& + 1 digits by (zn,,)ken-

All that remains is to show that there is a convergence subsequence in our original sequence (z;,)nen-
Let z := 5%, d;p', which by Proposition 2.7 is a well-defined element in Z,. Let ¢ > 0 and choose k
such that ﬁ < e. By construction, (z,,) and x agree at least on the first & digits, so

1
|z — @, |p < — <€
p

50 limy_, 0 Zp, = . showing that Z, is sequentially compact and thus compact.

O

Recall that a Hausdorff topological space X is called locally compact, if for every x € X there exists
a compact neighborhood of x with respect to the given topology on X.

Theorem 3.5. Q, is locally compact.

Proof. Since Q,, is a metric space, it is also Hausdorff. Let o € Q,. Since by Proposition 3.3
Z,, is compact and open in Qp, and translation is a homeomorphism, then o +Z, is a compact
neighborhood of «, which proves the theorem. O

Proposition 3.6. The ball pZ, = B(0,1) = {z € Q, : ||, < 1} is a mazimal ideal of Z,,.

Proof. 1t is clear that pZ, is an ideal in Z,, so why is it maximal? If I is an ideal of Z,, we say
that pZ, is maximal if pZ, € I then pZ, =1 or I = Z,.
Suppose [ is an ideal of Z,, and assume pZ, c I. Note that we can write

p-1
Zp=\J{i+pZp}, x=ux0+pZ, when x€Z,.
i=0
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Let a € I and a ¢ pZ,, so a = ag + pZ, with ag # 0. Note, since I is a group, then mag € I for all
m € Z. Our goal is to show that I = Z,, and to do this we will prove that

{mao |nez} "E7{0,1,....p-1}.

Since ag € {0,1,...,p— 1}, with ag # 0, we have ged(p,ap) = 1. By Bezout’s we can find s,t € Z such
that sp+tag = 1. Thus tag =1 (mod p) and 1 € I, since I is a group. Since 1 € I, we are done, since
1 generates {0, ...,p — 1} modulo p.

O
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4 Ostrowski’s Theorem: Classification of Absolute Values on QQ

Before we state Ostrowski’s Lemma, it is helpful to understand how absolute values on Q can
differ, and in what sense they are essentially unique. Ostrowski’s Theorem provides a complete
classification of all absolute values on Q: up to equivalence, every nontrivial absolute value is either
the usual absolute value | - | which leads to the completion R, or a p-adic absolute value |- |, for
some prime p, leading to the field Q,. This striking result highlights that Q, is not just an exotic
number system. In a sense, it is the only natural alternative to the real numbers arising from Q.
This chapter is largely based on chapter 3.1 in [Gou].

Definition 4.1. Let D be a field. An absolute value |-|: D - R on D is a function satisfying

(A1) |z| > 0, (non-negativity)
(A2) |z|=0 <=z =0, (positive definiteness)
(A3) |zy| = [zlyl, (multiplicativity)
(A4) |z +y| < |x| + |yl (triangle inequality).

If an absolute value satisfies the stronger triangle inequality, (A4)": |z + y| < max{|z|,|y|}, we say
| - | is non-Archimedean.

The field Q yields the absolute values we have already touched upon, |- |¢, |- | and |- |, for every
prime p.
Remark: Absolute values induce a metric d(x,y) = |« —y|, and hence a topology on a given field F.

Definition 4.2. (|[Gou| Def. 3.1.1) Given two absolute values, |- |1 and |- |2, on a field F, we say
they are equivalent if they define the same topology on F), i.e every open set with respect to the
one absolute value must also be open with respect to the other.

This sounds very nice, but it is hard to prove. So, we will instead use the following criteria:

Definition 4.3. Let |- |; and |- |2 be absolute values on F. We say that they are equivalent (or
A-equivalent) if there exist a real number A > 0 such that for all z €F we have |z|; = |z[3.

Lemma 4.4. The A\-equivalence in Definition 4.3 defines an equivalence relation on absolute
values.

Proof. Reflexitivity: let A = 1. Then for any absolute value on F, |z| = |z|! for all x € F proving
reflexitivity.
To prove symmetry, assume |- |1 is equivalent to |- |2, so there exists a A > 0 such that

\ 1
||y = |x|§‘ = |x|1/ = |z, where 3 >0,

50 | - |2 is equivalent to | - 1.
Assume | - |3 is another non-trivial absolute value on F and assume |z|; = |z[3* and |z]s = |2]32.
Substituting the equations, it follows that

A2\ A 1A
izl = (Jel3*)™ = J2f5"7,

hence it defines an equivalence relation. O
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The next lemma will show that this A-equivalence corresponds to topological equivalence, i.e.
inducing the same topology.

Lemma 4.5. Let |-|; and |- |2 be non-trivial absolute values on a field F. They define the same

topology on F if and only if they are \-equivalent.

Proof. The metrics induced by the absolute values are respectively dy (x,a) = |x — al; and da(z,a) =
|z — als. Assume |z]; = |z[5 for some A > 0, so

dy(z,a) = |z —al; = |z - al3.

We want to show that the same open balls are created. Let a € F. We will show that
Bi(a,r) = By(a,m'/*) where By(a,r) = {z € F:di(x,a) <7} and By(a,r) = {z € F:dy(x,a) <r}.
First, let 2 € By(a,r), then

A

)

lz—ay<r = |z—a)<r = |z—alp<r!

so By(a,r) € By(a,r'*) hence it will also be an open ball with respect to |- |o. By the same logic,
it is easy to see, that we can conclude that By (a,r) = By(a,r/?).

O

Our goal is of course to characterize the absolute values on Q. In order to do so, this next Proposition
will be very useful.

Proposition 4.6. ([Kat| Prop. 1.14) An absolute value, |-|, on Q is non-Archimedean if and
only if |n| <1 for all integers n.

Proof. First assume |- | is a non-archimedean norm on Q. We want to inductively prove that |n| <1
for all n € Z. Since |+1] =1 <1 is clear, assume |n| < 1 for some n € N. Then, by the ultra metric
inequality,

|n + 1] < max{|n|,1} <1,

0 |n| < 1 for natural n. If n =0 the inquality is clear. To cover the negative integers, let m € Z_.
Then |m| = |-1|jm| = |-m| < 1, by the proof for positive integers, proving the one implication.

Assume |n| <1 for all n € Z. We want to prove that |z + y| < max{|z|,|y|} for all z,y € Q. Assume
x,y # 0, since it follows that if y = 0, then |z + 0| = || < max{|x|,0}. Note that it is sufficient to show
that | + 1] < max{|z|,y}. This is the case since, if | - | is archimedean and if |z| <[y|, then |{| <1 and

s
|z +y| = Iyllg +1] <[yl 1 = max{|z], [y}

Correspondingly, this is the case for |y| < |z|.
Let m € N and z be a non-zero rational number. Then we have

< Saf? (i)

(m+ 1) max{|x|™, 1}, (i1)

IA
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7;;) is an integer, and thus |(7g)| <1 by assumption. To argue (ii), first look

at the case where |z| < 1. Tt follows that |z|¥ <1 for all 0 < k <m, so

where (i) follows since (

imk <(m+1)-1=(m+1)max{|z|™,1}.
k=0

Now if |2|* > 1, then |z|* < |z|™ for 0 <k <m, so

Z|x|k <(m+1D)]x|™ = (m + 1) max{|z|™, 1}.
k=0

We can now take the m’th root of our inequality, so

|z + 1< R/ (m+1)max{|z|,1}.

This yields the desired inequality. Indeed, since m was chosen arbitrarily, we can take the limit

|z +1] < lim X/(m+ 1) max{|z|, 1} = max{|z|,1}.
m—00

This next proof is based on Theorem 3.1.3 in [Gou].

Theorem 4.7. (Ostrowski’s Theorem) Let | - | be a non-trivial absolute value on Q. Then | - | is
equivalent to either || or |- |, for some p.

Proof. We will show for the two cases where | - | is either Archimedean or non-Archimedean.

Case 1: Assume | - | is non-Archimedean. By Proposition 4.6, |n| < 1 for all n € Z. Since the
absolute value is assumed to be nontrivial, we can find ng such that |ng| < 1, and we choose the
smallest of such.

Notice, it is sufficient to look for ng € N, since |z| = |-z| for any absolute value on Q.

Our goal now is to show that ng is a prime number. With n = pi°p}*---p;», with r; € Nyo, we must
have for some i a p; such that |p;| < 1, call this prime number p. Assume, for contradiction, ¢ is
another prime with |¢| < 1. Find k € N such that [p*|, |¢"| < % Also, by the Euclidean algorithm, we
can find s,t € Z so sp® + t¢* = 1. Combining this we get

1=[sp" +tq*| < maz{|sp"|, tq"|}.

Without loss of generality, let [t¢*| < [sp¥|,
1
maz{|sp"|, [tg"]} = [sp"| = |s]lp"| < 27 ¢

since |s| < 1. This shows that p is the only prime with |p| < 1. Since ng was chosen to be the smallest,
then it can’t be a power of p, so ng = p. We want to show that |- | is equivalent to | - |, with the
just found p.

We now want to show that for any n € Z where p 4 n, then |n| = 1. Since p doesn’t divide n we will

have a remainder when dividing, so write
n=qp+r, 1<r<p-1

Since r < p, we must have |r| > 1 since p is the smallest integer with absolute value strictly less than
1. Thus |r| = 1, since r is an integer. We also have |¢p| = |q||p| < 1. Using (prop. 2.3.3 [Gou]), it then
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follows that |n| = |gp + r| = maz{|qp|, ||} = 1.

We are now ready to show the equivalence. Let n € Z and write n = p'n’ where p + n’, then
Inl = p*lIn'| = Ip|” = ¢ = (p") ™" = (p7")" = Inl;

where 0 < ¢! = [p| < 1. Then ¢ > 1, and so we can find some a € R, a > 0 such that ¢ = p®. So the
absolute value also depends on p-powers up to a power, which shows the equivalence by 4.5. So any
Archimedean absolute value is equivalent to the p-adic absolute value for some p.

Case 2: Suppose |- | is Archimedean. We want to show, that the absolute value is then equivalent
to the usual absolute value, | - |o. Since | - | is Archimedean we can again by proposition 4.6
find a smallest positive integer ngy such that |ng| > 1 and again write |ng| = ng, for a = llrrlllzgl eR,.

Since absolute values work nicely with multiplication, and |-1| = 1, it will be enough to show the
equivalence for all positive integers (not just ng ©).

Let n be an arbitrary positive integer, and write it in base ny,

n:a0+a1no+a2ng+---+akn’g, ar#0, 0<a;<n, fori=0,1,..., k. (4)

Taking the absolute value, we get
In| < |ao| + [a1no| + Jagnd| + -+ + larnk| = |ao| + |a1|ng + |ag|nd® + - + |ar|nb™.

With all the coefficients being less that ng, and the way no was chosen, this forces |a;| < 1, so
In| < 1+ng +n2® + - +nk>

_ L ka -« —2a —ka
=05 (L+ng® +ny“® +--+ny"")

ka = 1 i
<ng Z(j)
i=0 T

1 ng
ko ka 0
=n =n ,
0 ( 1— % ) 0 (n8 -1 )
L)
since 0 < n% < 1. Notice that the series is independent of choice of n, so we will call it C' := nﬁ‘(il
0 0

So we have shown |n| < Cnf® < Cn® because nf§ < n. Since this applies to any positive integer, we

N

use it for the positive integer n'",

N
nN<on®N = |n|< VCn®
Now, since we could choose any N, for a fixed n, we will let NV - oo, and so we obtain
In| <n®, (5)

showing (only) inequality.
To gain equality we will look at the ny expansion, from equation (2) for some positive integer n,

and note that n§*™' > n > nf which implies that:

k+1 k+1

ng D = 14 = 4kt = | < [nf + [nf*t - ).

Using the previously achieved formula (5), we get [nE*1-n| < (nf*t-n)*, so ng(k+1) —(nkt-n)> <n).
Our goal is to find a lower bound for |n| given by C'n®, where C’ once again doesn’t depend on n,
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so we can apply the smart trick of using inequality on n®.

e Ok

k+1
an( )~ (nf*t - nkye, n>nk

« a « « ng—1 «
:no(k+1)_nok(”0—1) :”o(k+1)(1_( Ono )*)

1
=t (1 (1- —)®)
No
_ (k+1)
=C'ng
>C'n®, nktt > n,

showing |n| > C'n® where C":=1 - ("fl—;l)“ >0 doesn’t depend on n, so we can use the inequality

on nV and take the limit, like we did showing the other inequality,
N
c'nNe <oV = C’' n® <nl,

where limy o V/C7, 50 0% < n|.
Thus we have shown that |n| =n® = |n|%. So, any Archimedean absolute value is equivalent to the

absolute value |- | by Lemma 4.5.

Page 16 of 29



The p-adic Numbers March 16, 2026

5 Hensel’s Lemma

Of course there are differences between Z and Z,. We have already seen in Proposition 2.7 that Z,
forms a subring of Q,. Interestingly, Z, retains many of the algebraic properties familiar from Z,
such as being an integral domain with well-behaved ideals and a form of unique factorization. In
this chapter, we focus on the problem of finding roots of polynomials over Z,. A central result in
this context is Hensel’s Lemma, which allows us to lift solutions modulo p to genuine p-adic roots.
We will present the lemma, prove it, and explore some of its important consequences. The Proof of
Hensel’s Lemma is based on Theorem 3.4.1 in [Goul].

Theorem 5.1. (Hensel’s Lemma) Let F(X) = ag+a1 X +as X2 +--+a, X" be a polynomial with
coefficiants in Z, and let F'(X)=ay+2a5X +-+ na, X" ! be its derivative. Assume aq € Zy,

satisfies
F(a;)=0  (modp) and F'(ag)#0  (mod p).

Then there exists a unique p-adic integer « € Z,, such that F'(a) =0 and a = a; (mod p).

Proof. The idea of the proof is to construct some a € Z,, such that F(a) =0 (mod p™), for all n e N,
which forces F'(«) = 0. This is intuitively clear if we imagine the p-adic expansion of F(a). We will
do this by constructing a sequence (o), € Z, having the following properties:

(i) F(ay) =0 (mod p™),

(il) ap = aps1 (mod p™).
Moreover, in construction of the sequence ()., we will see that we can claim uniqueness. In
addition, this procedure should yield that the sequence () has a limit o € Z,. Then we will use

|[F(a)|p < p% to show that F(a) =0 and « = a1 (mod p™) by construction. Thus « is a root of
F(X) with the desired properties.

We will be creating the sequence inductively. Since our assumption gives us a1, we need to use this
to create ap. For this we want to use the Taylor expansion identity. First, see that for f e Z,[X]
given by f(X) = Z?:o ¢; X" and using the binomial theorem, we get

d ) d d /i L
f(X+Y)=Zci(XJrY)’:ZciZ(,)X”’JYJ.
i=0 i=0  j=0 \J

When j = 0 we obtain ¢, ¢;X? = f(X). When j = 1 we obtain
d i\ d )
D ci(l)XHY =Y XY = f(X)Y.
i=0 i=1
When j > 2 the terms have order at least Y2
Since we want to have a; = @ (mod p), let ag = a1 + byp for some by € Z,,. Thus setting X = oy and

Y = bip
F(as) = Fa1 + bip)
= F(a1) + F'(a1)bip +p* ()
= Fan) + F'(a1)bip  (mod p?).

Our goal now is to find b; such that F(as) =0 (mod p?). Note that since F(a1) =0 (mod p) this
implies F'(aq) = ¢1p for some ¢ € Z,. We will use this to find b; such that (i) holds for as:

c1p+ F'(a1)bip = F(ay)+F (a1)bip= F(az) =0 (mod p?)

< c1+F'(a1)b1 =0 (mod p).
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By assumption by F'(a1) = —c1 # 0 (mod p) and p + F'(a1), so F'(a1) has an inverse in Z,,, since
it is different from 0, and Z,, is a subring. Thus

by = —c1(F'(a1))™" (mod p),

and by construction we can choose b; uniquely in Z with 0 < b; < p. With this b; we have constructed
ap for which (i) and (ii) holds. To be able to inductively deduce the sequence {«,,}, we need to
check that the derivative F’(as) remains different from 0 modulo p:

F'(az) = F'(a1) + bipF" (1) + - = F'(a1) #0  (mod p).

As an induction step for n > 2, we can easily show the desired construction with the same calculations
for 41 using «,,. Hence we have created a sequence {a,,} with a lot of very nice properties. Note
that this sequence is Cauchy, since for any m > n

ap =y (mod pt) = |an—am|p_ﬁ.

Setting « := lim,,_, 0 a;, We see that this fulfills the wanted properties in the theorem, since the
previous calculation using n = 1 and taking the limit of m gives us a1 = @ (mod p). Now since
a = ay, (mod p™) we know that a = a, + p™b,, for suitable b,,, yielding

F(a)=F(ay) + F'(an)bpp” +p™ () =0 (mod p"),

so for all n we get
1
\F(a)lp—ﬁ = [F(@)p=0 = F(a)=0.

O
This next Theorem is another version of Hensel’s Lemma, which we will state without proof, since

it will be used later in the topic of finite field extensions. A proof can be found in [Gou] page
74.

Theorem 5.2. (Hensel’s Lemma, Second Form)
Let f(X) e Zy[X]. If there exists polynomials g1 (X)), h1(X) € Z,[X] such that:

() 91(X) is monic,
(i7) 91(X) and hy(X) are relatively prime modulo p,
(iid) and f(X) = g1(X)h(X) (mod p).

Then there exists polynomials g(X),h(X) € Z,[X] such that:

(7) g(X) is monic,
(i) 9(X) =g1(X) (mod p) and h(X) = h1(X) (mod p) and
(i) f(X) = g(X)n(X).

5.1 Roots of unity

First we will use Hensel’s Lemma on the polynomial F/(X) = X™ -1 to look for m’th roots of unity,
where m € N. An element z € Q, is called a root of unity if there is some m € N such that ™ = 1.

Page 18 of 29



The p-adic Numbers March 16, 2026

P
unit of Z,, if there is y € Z,, with zy = 1. Let x € Z,, be given by x = p"l, where r € N, [ € Z,\pZ,, and

Let us first give some thoughts on the units of Z, which we denote by Z3, i.e. x € Z, is called a

p + 1. By definition x € Z if and only ifieZ;, SO
1 1
— =|z[p<land 1>|—|,=p",
- =laly s Tand 12|, =p

yielding Z7 = {x € Zy, : Jy € Z,, with xy =1} = {z € Z;, : |z[, = 1}. It is also useful to be aware that if
€ €Q, is an m’th root of unity, then 1= |¢™|, = =, for some k € Z, implying that k =0, so & € Zy.

pkm I

Corollary 5.3. ([Rob] p. 51) For p >2 the set of roots of unity in Q, is a subgroup of (Z,).
Furthermore the set of (p—1)-roots of unity in Q, is a cyclic group of order p— 1.

Proof. To be clear, we know (Zy,-) is an (abelian) group since Q,, is a field. Knowing that roots
of unity lie in Zg, it is then quick to show that the set of roots of unity in @, form a group with
multiplication.

Next we will show that Z, has p— 1 distinct (p — 1)’th roots of unity.

Look at the polynomial f(X)=XP"!-1¢ Qp. We know f has at most p— 1 roots, since Q,, is a
field. Let 1 < a < p. Since p + a we can use Fermat’s little theorem, a? = a (mod p), to get

f(a)=a?™? =120 (modp) and f'(a)=(p-1)a??#0 (mod p).

Using Hensel’s Lemma (first version) we can conclude, that there is a unique (p - 1)-root in Z, for
every a=1,...,p—1.

By Gauss (Thm. 4.5.3 in [Lau]), since Q, is a field and the group of (p —1)-roots in Q,, is a finite
subgroup of Zy, then the group of (p - 1)-roots of unity is cyclic. O

5.2 Local to Global

The fields R and Q, are completions of Q with respect to the Archimedean and p-adic absolute
values, respectively. Although each of these completions gives valuable local information, we are
often interested in whether local information can determine global properties. This is the essence of
the local-to-global principle (or Hasse principle).

Both R and @Q, are not algebraically closed. For example, consider the polynomial f(X) =X 2 p
for some prime p > 2. This equation has no root in Q,, as can be seen from the fact that if a? = p,
then |af? = %, and hence |af, = %, which is not a valid p-adic norm since 1/2 ¢ Z. Later we will
extend Qp, so such elements are well defined.

However, even though individual completions may lack some algebraic properties, collectively
they can determine important arithmetic information about Q. The following result illustrates

this:

Proposition 5.4. ([Gou] Prop. 3.5.1) z € Q is a square if and only if it is a square in every Q,

for p < oco.

Proof. Assume z € Q is a square in Q, for every p < oo. Since Q c Qo = R, and z a square in R,
it follows that x is positive, but not necessarily a square in Q. So write x =[], prime p2r () € Q.
Then since z is a square in Q,, for every p, we deduce that ord,(z) must be even or zero, for every
prime p. And so z is a square in Q as well.

Now assume z € Q is a square in Q. This means that we can find some k € Q such that = = k2.
Then k = £, prime por(F) e Q ¢ Q, for any p. This implies that k% = z € Q, is a square for all
primes p. O
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6 Finite Extensions of Q,

We have seen @, as the completion of Q similarly to R. Since they share common properties, we
are led to ask what the analogue to C, an algebraically closed and complete field, is for Q,. This
turns out to be a bit more fiddly than in R, where adding i is sufficient.

In contrast to R, which only has the algebraic extension C, it turns out that @Q, has algebraic
extensions of degree n for every n ([Sal, page 22]), we will only look at finite extensions of Q, that
are of degree 2. Thus, we shall look at extensions of the form Qp(\/a), where d € Q, is not a square
root in Q.

The following definitions are from [Moy].

Definition 6.1. Let F' be a field and K be a vector space over F. If K is moreover a field, thus
containing the subfield F, we call K a field extension of F, and this is denoted by K/F. The
degree of the field extension K/F is denoted by [K : F'] and is defined as the dimension of the
vector space K over F. If [K : F'] is finite, then the extension is said to be finite, and it is called
infinite if otherwise.

We will be interested in finite field extensions K of Q,. We will be extending @, by using irreducible
polynomials, as defined in the next theorem, which will be stated without proof.

Theorem 6.2. Let F be a field and ¢(X) € F[X] an irreducible polynomial. Let K be a field
extension containing a root « of ¢(X), so g(a) = 0. Let F(«) be the subfield of K generated by
a over F, i.e. the smallest subfield of K containing F' and «. Then

F(a) = F[X]/q(X).

For the proof, see Theorem 3.19 in [Moy].

Definition 6.3. A field extension K/F is said to be algebraic, if every element « € K is a root
of a non-zero polynomial ¢[X] € F[X].

We still want to consider the absolute values on the field extensions of Q,. We will require that
such an absolute value extends |- |,. Let K be a finite algebraic extension of Q, of degree n, then
by definition, K is an n-dimensional vector space over Q,, so K = Q}. We can identify elements
z € Q, with x = (r1,rg,...,r,) with 7; € Qp.

Let a € K and define the linear map ¢, : Q) - Q} given by x = az. Now, choosing a basis B;
for Q, we represent the linear map as a matrix MB1 e Mat,(Q,), so ¢, = MP1. Define a map
Normg : K - Q, by a +~ det(p,). We see that this map is independent of choice of basis, i.e. if
we take another basis By for Q,, so ¢4 = MGBQ, we know we can find a coordinate transformation
matrix A such that MZ1 = AMBP2 471 (see Corollary 8.18 in [Tho|). Using the multiplicativity of
the determinant, we see that

det(MEZ1) = det (AMP2 A7) = det(A) det(MP2) det(A™) = det(MP?).

Note that for an element « € K, the determinant det(p, ) lies in Q,,.
We define the absolute value |- |k on K as following:

lalx = /ldet(¢a)lp-

This extends | - |, since for = € Q,, the matrix ¢, is a diagonal n x n matrix with z in each non-zero
entry, and thus |z|x = {/|det(p,)], = /2", = |2], (see [Sal, page 23]).
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Theorem 6.4. Let K/Q, be an n-dimensional field extension. The function | - [x: K - R,
defined by
2|k = /Idet(ea)lp

is a non-Archimedean absolute value over K.

Proof. This proof is based on the proof of Thm. 5.3.5 in [Gou]. Let z € K. By the construction of
|- |k we get |z|x >0, since det(y,) is a map into Q,, and | - |, is a norm.

For definiteness, first assume x = 0. Then (g is the zero-linear map, and the matrix representation
is thus the zero-matrix, so det(yp) =0, and thus |0|x = 0. Now assume x # 0 with |z|x =0, and we
want to show this is not possible. Indeed,

Videt(oz)lp =0 = |det(pz)[, =0 = det(p:)=0 = ¢, ¢GL(Qy).

Since ¢, isn’t invertible, it’s kernel is non trivial, so there must exist a ¢ € K with ¢ # 0 such that
the linear transformation ¢, (t) = zt = 0. But since K is a field, we can conclude that this is the
case only of x = 0.
Again, by construction, it is clear that multiplicativity holds, since @.,(2) = zyz = zp,(2) =
(2 0 %,)(=) and so

det(pay) = det(pzpy) = det(iy) det(py).

Finally, we must prove the non-Archimedean inequality. Unfortunately, this is not a trivial claim,
and we will need to take some algebraic results for granted.

We can assume that that x,y € K are non-zero elements, since this case is trivial. As in the proof
of Proposition 4.6, it is sufficient to prove that

|z + 1|k < max{|z|x,1}. (6)

This will follow from
|$|K§1=>|.’E—1|K31. (*)

First, we see that (x) is sufficient. Assume the implication is true, then
lz|k = |-z|k €1 = |-2-1k=|z+ 1|k <1=max{|z|,1}.
If |z|x < 1, then (6) holds. If |z|x > 1, then

(*) r+1

1 1
|7|K<1 — |7+1|K:|
X X

Ik <1 = |z+1|k <|z|=max{|z|, 1},
x

as wanted. So it is sufficient to show that (x) hold for all z € K.

Let z € K with |z|x < 1. This is the case when |det(y; )|, < 1, hence we need to show
ldet(pz)lp <1 == |det(pe-1)lp <1,

or, in other words,
det(py) €Z, = det(py-1)€Z,.

The norm can be defined in many ways, and for this proof the following definition will be useful: x
has a minimal polynomial f with coefficients in @Q,, such that

FX)=X"+ap 1 X"+ +a1 X +ag, with f(z)=0,
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then the norm is defined to be
det(py) = (~1)™"al,

where [K : Qp,] =n, [K:Qu(z)] =7 and n = mr. With this definition we get
det(pyz) = (-1)"ag € Zy, = ag€Z,.

Our goal is, of course, to show that it then follows, that the corresponding coefficient, from the

minimal polynomial with x -1 as a root, also lies in Z,,.

Since Q,(z) = Q,(z - 1), the minimal polynomial for « — 1 clearly is
g(X) = f(X+1D)=X"+ 1+ am1) X" 4t (L+apq+-+a +ag),

so we need to show that 1+a,, —1+--+a1+ag € Zp, or equivalently, that all of the coefficients lie in Z,,.

To show this, we will prove it more generally for any monic, irreducible polynomial F(X) =
X" +a,_1 X"+ +ag with coefficients in Qp and ag € Zj, that then all coefficients must lie in Z,,.
For this, we will use the second form of Hensel’s Lemma, Theorem 5.2, to prove by contradiction,
that if some coefficients do not lie in Z,, then F' must be reducible.
Assume some a; ¢ Z,. Choose the smallest m such that p™a; € Z, for all non p-adic integers a;.
Define

GX)=p"F(X)=b,X"+-01 X +by, b;=pTa;.

Since F' is monic and ag € Z;,, we know that b, = p™ and by = p"ap are divisible by p. Since m was
chosen to be the smallest power such that p™a; € Z,, for all 7, then at least one term is not divisible
by p. Set k to be the smallest ¢ such that p does not divide b;. Then

G(X) = (b X" * 4+ )X (mod p),

where the factors X* and b, X" % + ... + by, are relatively prime, since no divisor of X* will divide by,
since by, # 0 (mod p). Then by the second form of Hensel’s Lemma, Theorem 5.2, G(X) =p™ F(X)
is irreducible, which is a contradiction to F'(X) being irreducible. Hence if we have a minimal
polynomial with coefficients in Q, and ag € Z,, then all coefficients must belong to Z,.

Hence, we can conclude, that det(pz—1) = (=1)" (1 + @1 + -+ + ag) € Zy, since all coefficients of the
minimal polynomial f for « must lie in Z,. We have now shown that |- |x is a non-Archimedean
absolute value over K. O

6.1 Quadratic extensions

In order to study the quadratic extensions of Q,, we will first need to decompose Q; = Q,\{0}. We
already know that we can represent z € Qp as x = pfu, with ueU = {y e Qp:lylp =1}, and ke Z,
so Qp = p?U. For further decomposition, see that for ue U, u=ag+aip+--=ao(l+ “p+---), so

ao
U=A{1,..,p-1} x (1 +pZ,),
so we denote U; := {1 +pZ,}. We can also see the decomposition as = p? x F; x Uy, where F) is

a cyclic group of order p - 1.
This section is based on [Sal, Chapter 3].
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Proposition 6.5. If p is odd, then UZ = U,

Proof. To show U7 c Uy, let x € UZ. We can write = in the form z = (1 +u)? = 1 +u? + 2u with
u € pZy, where u? +2u=u(u+2) e pZy, since pZ, is an ideal by Proposition 3.6. Thus Ui cU,.

Now to show the other inclusion, let o € U;. We wish to find 5 € U; such that 82 = o, or, in other
words, we wish to find a root of the polynomial f(X) = X? - a. We will not use Hensel’s Lemma
directly, but instead apply the p-adic analogue of Newton’s method. Define a sequence (ay,)nen, by

setting ag =1 € Uy and a;41 = a; — ;,((‘;i_)), where our goal is to inductively show that this sequence

converges to a root whilst still being in Uj.

—a _1_1=(-pu) _ 1 _pu

2 3 5 where

Since « € Uy, write o = 1 + pu with u € Z,,. Now see that as =1 - L
-5 e pZ, since p is odd, so ag € Uy.

Now assume a,, € U1, 80 a, = 1 + pu,, with u, € Z,. So |ay|, =1 and f'(a,) = 2a,, is a unit, since p
is odd. Then, looking at the denominator,

flan) = ai —a=(1 +p2u721 +2puy,) — (1 +pu) = p(2uy, —u +pu721) € pZy,

hence we get that the fraction ]{,((‘Z)) is something in pZ, divided by the unit f'(a,) = 2a,. So the
ai—()z _ f(an)
2a, Tn
The sequence (a,,) is Cauchy, since Newton’s Method has a quadratic convergence. This can be seen

whole fraction

€ pZy,. NOoW aps1 = an = (1 +something in pZ,) - something in pZ, € Us.

by taking the Taylor expansion as in the proof for Hensel’s lemma. Thus, if |f(a,)|, = a2 —al, < p%
for some k € N, then |f(an+1)|p < p%. So

|an+1 - an'p = |_

fla) 1
f(an) Pk
where k - oo when n — oo. Thus (a,) is a Cauchy sequence converging to some element 3. Since

an € Up for all n and since Uy = {1 + pZ,} is closed, the limit 3 € U;. And, as argued, we know
f(an) =a? —a — 0. So by sequential continuity with respect to the p-adic norm, 42 = a. Hence
n—oo

we can conclude that all elements in U; are squares, i.e. Uy = U12.

O

Since we are looking at quadratic extensions, we are interested in extensions of the form Qp(\/a),
where d € Q3\(Q})?, cf. Theorem 6.2, so d is determined by its class in Q}\(Q})*. Now, with the
knowledge of Proposition 6.5, we get that Q2 = p*” x (F,)? x Uy, where (F,)? € F,. So

Q\(Qp)? = Z\2Z x Fy\(Fp)*.

By [Sal, page 9], [Qy, : (Q;)Q] =4 when p is odd. Note: the case for p = 2 is much more complicated,
since U, # U? yielding (Q; - (Q;)Q] = 8. We are only interested in non-trivial classes, so we will
ignore the class of all squares. Hence for p odd, there are 3 quadratic extensions represented by

Qp(\/P), Qp(\/€) and Q,(\/ep), where € € Z*\(Z%)? is a non-square unit.

Let g € {p,¢,pe} and consider Q,(/q). Let us see what the corresponding norm |- |g, (/) looks

like. The linear map ¢, : Q,(\/q) - Q,(\/q) is given by y — xy. In addition, for =,y € Q,(,/q) we
can write x =1 +./qT2, ¥y = y1 +/qy2 With x1,x2,y1,y2 € Qp, and so

o (y) = 2y = (w1 +/q72) (Y1 + V/qY2) = T1y1 + qT2y2 + /q(T1Y2 + T2y1). (7)
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We know that Q,(\/q) = Q, x Q, since Q,(/q) is a vector space over Q,. Using the basis

1
B = ((O) , (\2_)), we see that the linear map is represented by the matrix M2 e Mat,(Q,) given by
q

T T
MzB:( 1 9q 2)’
i) I

using equation (7). Thus, following Theorem 6.4, we get

Wlo, (va) = \V/1det(MB)], = /123 - a3, = /]al,,

where Z = x1 - \/qw2.

Since we, for example, have \/p € Q,(\/p), but ord,(\/p) = 1/2 ¢ Z, we are interested in under-
standing the p-adic ordinal in our extensions field. For this, we introduce the concept of ramification.
Let K be a finite extension of Q,. Define the following subspaces

R={rxeK:|z|<1}, P={zeK:|z|<1}, O={zeK:|z|=1}
The quotient group k& = R/P is a finite extension of F,. If f = [k : F,] = dimp, (k) then k is

isomorphic to F, where q = #(k) = p/. Since P is an ideal, we can find w € K such that P = (w).
We call w the uniformizer of P.

Definition 6.6. ([Sal| pages 23-24) The residue degree of K of Q,, is the the integer
[ =[k:Fp] = dimg, (k).

The ramification index of K over Q, is the integer e > 1 such that p = wu, where u e O. We say
that K/Q, is unramified if e = 1, ramified if e > 1 and totally ramified if e =n. Also, n=e- f.

We will now show that Q,(,/q) is a ramified extension for ¢ € {p,ep} and an unramified extension
when ¢ = e. This topic has a lot of theory to support it, but here we will just refer to some results.
Claim: if Q,(,/q) is a ramified extension, then a uniformizer w will satisfy |w|g,( /q) = p ¢, (Thm.
4.14 in [Tur|). Furthermore the the residue field R/P = R/wR 2 F,s, (Prop. 9.4 in [MIT]).

Let q € {p, pe} and Q,(,/q) a quadratic extension of Q,. A good guess for a uniformizer is w =\ /g.
First we see that

wla, (2 = Vidlp =p72,

so, if we assume that Q,(,/q) is totally ramified, it aligns with the previous claim with e = 2.

Now we want to describe the digits of Q,(\/q) and see if it makes sense that f = 1. Take
r € Qp(\/q), 50 T = 1 +x2\/q With 1,22 € Q, and z; = app® + ap o ptt o, xo = bypt + b ptt
with a;,b; € {0,...,p—1}. With uniformizer w = /g. Since w? = ¢, we can write

z = alw? +al, W FD 4w (b;wzl + bf+1w2(l+1)) = crw” + Cppqw T 4 (8)

for some fitting r and ¢, € {0,...,p— 1} and a}, b} being the same, if ¢ = p, and otherwise chosen to

177

fit. Thus the digits used in Q,(\/q) with g € {p,pe} are isomorphic to Fy:, so f =1.
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Now let g = e. Choose the uniformizer w = p. With the same digit expansion as (8), we get for

T € Qp(\/g)
T = akpk toeeet (blpl + )\/_ = (Cr + dr\/g)pr + (CT‘+1 + dr+1\/g)pr+1 +oy

where ¢; + d;\/e € F,(\/€) 2 Fp2. Thus the residue degree f = 2. Since n =2 and n = ef, we can
conclude that e = 1 making Q,(1/€) an unramified extension of Q,,.

6.2 The Complex p-adic numbers

In the case of the real numbers R, the process of forming an algebraic closure is simple and elegant:
by adjoining the imaginary unit 7, we obtain the complex numbers C, which is both algebraically
closed and complete. It is natural to ask whether a similar construction exists in the context of
p-adic numbers.

However, the situation over Q, is significantly more intricate. Even at the level of quadratic
extensions, there are already multiple distinct types, as seen: unramified and totally ramified
extensions, just depending on the choice of polynomial. This diversity appears for all primes p,
illustrating that the algebraic structure of @, is much richer than that of R.

To build an analogue of the complex numbers in the p-adic setting, a first step is to consider
the algebraic closure of Q,, denoted leg. This field contains all algebraic extensions of Q,, thus
accounting for roots of all polynomials of arbitrary degree. One might hope that Q;lg is sufficient,
but unfortunately the field is not complete with respect to |- |,.

To fix this, we must take the completion of leg with respect to its extended p-adic norm. This
yields the field C,, defined as:

.— n2le
C,=Qp°.

This field C, is both algebraically closed and complete with respect to a p-adic absolute value, and
plays the role in p-adic analysis that C plays in real and complex analysis. It is a fact that as sets
C and C, are the same, still they are endowed with different topologies.

This section was based on Chapter 5 in [Bak].
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7 The p-adic Exponential and Logarithm

In this chapter, we will continue our quest of finding similarities and differences between the
p-adic and the real numbers. Here we only make a quick visit to some elementary functions: the
exponential and logarithm. Thus the topic of derivatives, continuity and power seires will not be
explicit.

It can be noted that the general theory concerning the p-adics in many ways remains unchanged.
But since @, is not an ordered field, since | - |, is discrete and non-Archimedean, this leads to other
challenges and differences; think of the mean value theorem, and re-centering the ball of convergence
for series using Proposition 3.2. For more details, see Chapter 4 in [Gou].

We will find that the p-adic exponential and logarithm differ from the real counterparts by not
being defined on all of @), but on smaller balls.
The region of convergence for a power series Yo" a, X™ is a ball, and elements x € Q, lie in the
ball if and only if |a,2"|, - 0. Remember, the radius of convergence p is given by

1

1 1/n’
1IN SUPy, 00 |an

If 0 < p < oo and lim,colan|pp™ = 0, the series converges if and only if |a,| < p. (|Gou| Prop. 4.3.1).

7.1 The p-adic Exponential

Lemma 7.1. Let n €N, and write n = ag+aip+ -+ akpk then

ordy(n!) = 2[;] =

where s =ag +ay + -+ ag.

Proof. Based on Euclidean division, we know that the number of elements divisible by p in
{1,2,...,n} is [%J We are interested in finding the largest k such that p* | n! = n(n—-1)--2-1. So
first count the number factors in n! divisible by p, [ |. Assuming a factor is divisible by p* we
count the added powers [%J so | 2]+ [I%J will be the total contribution to powers in elements

P
divisible by p and p?. Thus

8

3

ordy(nl) = Z — g

=1

'@
’U‘:
,_\

since |z| < .
For the second equality, we see that [%J =y +agp + -+ apptl, [p%] =ag +asp+ -+ app? and
|55 = ak. Fori>k, we get | x| =0, so

oo n B
Z[p—J =ay +ag(p+1)+-+ap(P" T+ +p+1).
i=0
On the other hand,
k k pi 1k inl
n—S:Zai( 1) = Z Z
i=0 o r-1 i 5

which exactly gives us

Page 26 of 29



The p-adic Numbers March 16, 2026

Theorem 7.2. ([Gou| Lem. 4.5.5) The p-adic exponential function exp,(X) = ¥, X—,n has

n=0 pn
convergence radius p‘l/ =),

Proof. Using the previous lemma, we know that |$|p = pordp(nt) </ (p=1) g0 |$|,13/n < pY/®=1) and
thus
_ 1 ~1/(p-1)

= >
li 11/n = p
1msupn—>oo|m p

Knowing that the series at least converges for |z, < p~ /=1 we want to show that the inequality
is strict. Let € Qp such that |z[, = p~ /(=1 and let n be a power of p, so n = p™. By Lemma 7.1,

m _q
ordy(n!) = ord,(p™!) = pil

Since ord,(z) = p%l, we get

m

" P m -1 1 1
ordp(x—) = Ordp(x—) S A = —  —— 0.
n! pm!” p-1 p-1 p-1 mnoe p-1

Thus the series does not converge for |z|, = p~ /=1 "and the convergence radius is p~ /@1,

Proposition 7.3. (|[Gou| Prop. 4.5.7) For x,y € B(0,p~®™1) we have

exp,(z +y) = exp, () exp, (y)-

Proof.

[

n Pl y]

n=05=0 n! (n-j7)! n=03;=0 (n—j)!j!

= exp,, () exp, (),

where we use the absolute convergence of the series on the ball B (O,p’l/ (p’l)) to rearrange the
double sum. O

7.2 The p-adic Logarithm

We want to understand the corresponding inverse function of exp,. Note that unless noted as a
function explicitly in the real numbers (log®), log just defines a series.

Lemma 7.4. The series log(1+X) =%, %X” converges for x|, < 1.

Proof. Checking the definition, we get the radius of convergence p given by
1 1 1

- - = — -1.
limsup,, oo |an|s™ 1imsupn_,oo|%|;,/n lim sup,, o, pore (M/n
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This is the case, since ordy(n)/n tends towards 0, and we see this by making the confusing
introduction of the real valued, commonly known logarithm, but denoting it 1ogR, SO

log™(n) - ordy(n) < log™(n)

logR(p) no onlogt(p)  moe

P <n = ordy(n) < log;lf(n) =

Definition 7.5. We define the p-adic logarithm of « € B(1,1) = 1 + pZ,, as

log, (z) =1log(1+ (z - 1)) = i (—1)%1%.

n=1

Lemma 7.6. (|Gou| Prop. 4.5.3) For z,y € B(1,1) we have

log,(zy) = log, () +log,(y)-

Proof. To begin with, note that the expression makes sense, so let z =1+a, y =1+b with a,b € pZ,.
Then zy=(1+a)(1+b) =1+ (a+b+ab) €1+ pZ, since pZ, is an ideal.

1

We will be using term-wise differentiation to get the derivative % log,(s) = Toy (-1)" st = L,

Define g(z) = log,(wy) —log,(v) - log,(y). Taking the derivative, we get
1 1
g'(x)=—y--=0,
xy’
s0 g is a constant function. We see that g = 0, since g(1) =log,(y) - log, (1) - log,(y) = 0, and thus
proving log,(zy) = log,(x) +log, (v)-
O

We see that exp, and log, make great candidates for the p-adic analogues of the real exponential
and logarithm. However, the significant difference in their radii of convergence raises concerns
about whether they can truly function as inverses of each other.

Proposition 7.7. Let pexp = p~ /@1 The maps

exp, * B(0, pexp) = B(L, pexp), 1ng ¢ B(1, pexp) = B(0, pexp)

are inverse to each other, i.e for x € B(0, pexp),

(1) log,(exp,(z)) =2 and (2) exp,(log,(1+2))=1+z.

Proof. The relations (1) and (2) follow from their power series, so we need to check for convergence.
We can assume x # 0, since the relations clearly are true when this is the case. We will check that
the ranges of exp, and log, are respectively B(1, pexp) and B(0, pexp)-

Let 2 € B(0, pexp). We wish to show that exp,(z) € B(1, pexp). Since exp,(z) =1+ X7 2 we get

n=1 nl>

oo M "
|epr(l') - 1|P = |7LZ::1 F|P < IB?IX{|F|I7}7

by the ultrametric inequality. Looking at each n > 1,
mn

|H‘ n/(p-1) _ (|x|pp

1 B n
p=lxl;‘|;|p£|x|2p 1(p 1)) ,
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using Lemma 7.1. Since 2 € B(0, pexp), We can estimate |z|,pt/ P~ < p~/ =D pl/(p-1) = 1. S0 we
can conclude that |exp,,(z) - 1|, = 0 for n tends toward infinity, with maximal value at n = 1. Thus

lexp, () = 1 < |2y < pexp,

s0 exp, () € B(1, pexp) as hoped for.

Now to show log,(1+ ) € B(0, pexp), let z € B(0, pexp). Then

fog, (1+ )]y = |32 ()™ ), < max{| -, ).

n=1

Let n > 1, and thus |], <1, then

T 1
=l = 12"l p < [l < ol < pexp.

Using this we can conclude that log, (1 + ) € B(0, pexp), proving the proposition.
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